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Abstract: Modern Al systems are built on networks of agents that acquire data, perform
local computations, and communicate with neighbors to cooperatively address optimization
and learning tasks. This paper introduces Open FedPRS, a novel federated algorithm to address
a broad class of these problems in open networks, where the number of participating agents may
vary due to several factors, such as autonomous decisions, heterogeneous resource availability,
or failures. Extending the current literature, the convergence analysis of the proposed algorithm
is based on the Theory of Open Operators, which allows one to prove (1) linear convergence
and (2) bounded asymptotic error of the distance between the trained model and the optimal
model, rather than exploiting the commonly employed regret-based metrics that only describe
cumulative performance over a finite-time horizon. As an illustrative example, the proposed
algorithm is used to solve logistic learning problems.
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1. INTRODUCTION

Federated Learning (FL) has revolutionized distributed
machine learning by enabling multiple clients (e.g., de-
vices, organizations or, in general, agents) to collabora-
tively train a shared model under the coordination of a
central server. In a typical FL system, agents train local
models based on their private data and share only the
model updates with the server, thus preserving data pri-
vacy by design. The server then aggregates these updates
to form a global model, which is redistributed to the agents
for subsequent training iterations. The federated setting
mitigates risks of centralized data breaches, and addresses
challenges like regulatory compliance and communication
efficiency. A common assumption is that the set of partic-
ipating agents remains fixed throughout the training pro-
cess (Omori and Kashima, 2023; Dal Fabbro et al., 2023;
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Chellapandi et al., 2023; Oksiiz et al., 2024). However,
modern applications in areas such as robotics (Yuan et al.,
2024), healthcare (Arunan et al., 2023), finance (Zheng
et al., 2023), mobile computing (Perifanis et al., 2023)
involve scenarios in which agents may drop out of the
training process due to, for instance, sudden unavailability
or loss of interest; at the same time, it is often desirable to
allow new agents to join in real-time without requiring
a re-initialization of the learning process. An emerging
framework to model and study stability of networks where
agents can join or leave the network at any time due to
resource constraints, network variability, or strategic con-
siderations is that of open multi-agent systems (OMAS).
The dynamic nature of agents participation introduces sig-
nificant challenges for ensuring convergence and stability
of the global model.

In the last few years, different algorithms have been pro-
posed to solve optimization and learning problems over
open networks of agents in fully distributed (Hsieh et al.,
2021, 2022; Hayashi, 2023; Sawamura et al., 2024; Hen-
drickx and Rabbat, 2020; Deplano et al., 2026) and fed-
erated settings (Gu et al., 2021; Sun et al., 2023; Han
et al., 2023; Wang and Xu, 2023; Chang et al., 2024; Sun
et al., 2024). In the former setting, assuming that all cost
functions are static, smooth, and strongly convex — with
minimizers confined within a predetermined ball — Hen-
drickx et al. (Hendrickx and Rabbat, 2020) demonstrated
that the Decentralized Gradient Descent (DGD) algorithm
remains stable even when departing agents are instantly
replaced by new ones. By relaxing the assumptions from



strong convexity to convexity and from smoothness to
Lipschitz continuity, Hsieh et al. (2021) developed a dual
averaging method that guarantees sublinear convergence
of the running loss, provided that the ratio of the quadratic
mean to the average number of active agents is bounded,
thereby accommodating scenarios of unbounded network
growth. Under the more stringent condition that the net-
work size is capped, Hayashi (2023) introduced a subgra-
dient approach which also achieves sublinear convergence
of the running loss while taking into account time-varying
local loss functions. However, the works (Hsieh et al.,
2021; Hayashi, 2023) require the network to be (jointly)
vertex-connected and evaluate performance through a
regret-based metric. In contrast, by extending distributed
ADMM (Bastianello et al., 2025) to the open scenario,
we have proposed and characterized Open ADMM in (De-
plano et al., 2026) which only requires that the network is
connected and focus on quantifying the precise deviation
of the local estimates from the global optimum; this is done
by establishing general convergence results exploiting the
newly developed “Theory of Open Operators”. In federated
settings, all works (Sun et al., 2023; Han et al., 2023;
Wang and Xu, 2023; Chang et al., 2024; Sun et al., 2024)
considered strongly convex and smooth problems, except
for (Gu et al., 2021) which focused on acceleration methods
under arbitrary dropouts, i.e., temporary unavailability of
an agent, thus making the set of agents static and not
fully open. The same restrictive scenario is also considered
by (Wang and Xu, 2023) and (Sun et al., 2024): Sun et al.
introduce a method that combats agent dropouts by mim-
icking central updates (Sun et al., 2024), while Wang and
Xu propose friend model substitution to maintain model
consistency when certain agents temporarily become un-
available (Wang and Xu, 2023). On the other hand, the
authors in (Han et al., 2023) do not consider the possibility
of new agents joining the network, but they only examine
the effects of agent defections, i.e., permanent leaving of
agents that have reached a good local performance and,
and propose measures to mitigate their impact (Han et al.,
2023). The only works that consider an open scenario in
the most general sense are (Chang et al., 2024) and (Sun
et al., 2023): Chang et al. tackle dynamic agent arrival and
departure by designing mechanisms for rapid adaptation
via initial model construction (Chang et al., 2024); Sun
et al. provide a general stability analysis that bounds the
norm of local models in open federated learning systems
with application to DGD and local ADAM (Sun et al.,
2023).

This paper proposes a novel algorithm for federated opti-
mization and learning over open networks, which we call
Open FedPRS as it is based on the Peaceman-Rachford
Splitting (PRS) (Ryu and Boyd, 2016, Section 7.3). The
main contributions and novelties with respect to
the state-of-the-art are:

(i) Open FedPRS enjoys a finite asymptotic bound on
the distance of the local models from the optimal
model in the general scenario of open networks;

(ii) Open FedPRS enjoys a linear convergence rate while
reaching the bounded optimality region.

These results have been derived by exploiting the novel
“Theory of Open Operators”’, recently proposed by us
in (Deplano et al., 2026), whose roots lie in the pioneering

work (Franceschelli and Frasca, 2020). Both the asymp-
totic bound on the training error and the convergence
rate can be computed a-priori based on the algorithm
parameters, assumptions on the network variability, and
the class of optimization problems under study, i.e., with
strongly convex and smooth costs as in (Sun et al., 2023,
Assumption 1) and (Chang et al., 2024, Assumption 3).
We note that neither (Sun et al., 2023) or (Chang et al.,
2024) provide an asymptotic bound on the training error or
describe the convergence rate for the proposed algorithms.
Instead, (Sun et al., 2023) quantifies what the radius of
stability, that is an upper bound on the squared norm
of the vector local models (not their distance from the
optimal model), while the authors in (Chang et al., 2024)
quantify what they call optimality gap, that is the punctual
distance between the local models and the optimal model.

2. PROBLEM OF INTEREST AND PROPOSED
ALGORITHM: OPEN FEDPRS

We are interested in federated algorithms to be executed in
open multi-agent systems (OMAS) to solve optimization
and learning problems of the following kind

min Z fily),  VkEN, (1)

1€Vk

where p € Ny, f; : RP — R denotes the local objective
function of an agent ¢ € Vj, in the network at time k, with
V) representing the time-varying set of agents. Most of the
literature addresses this problem under the assumption
that the set of agents in the network remains constant
over time, i.e., V¥V =Vy = V; ---, which enables the appli-
cation of various results from operator theory to study
the convergence of custom-designed algorithms. Instead,
this work considers the problem without this assumption,
allowing the agents to leave and join the network arbi-
trarily, which results in a time-varying number of agents
ng = |Vk| € (0,00)

2.1 Preliminaries and working assumptions

Let xi € RP denote the state of agent i € Vj at

time £ € N and let x; = [:1:,1;, S ,xsz]T € Rpmx
be the vector stacking all agents states. The sequence
{z}, € RP™ : k € N} contains vectors of possibly different
dimension, and thus is called an open sequence. We now in-
troduce how the concept of convergence for open sequences
in the light of (Deplano et al., 2026, Definition 2). As in
this manuscript we measure distances between vectors by
means of the standard Euclidean norm d(z,y) := ||z — y/|5
then, comparing distances of points in spaces of different
dimensions is unfair without normalization. Indeed, with-
out normalization, open sequences containing vectors with
an increasing number of components may diverge one from
the other even if the distance between new components
are bounded (cfr. (Deplano et al., 2026, Example 4). This
is not always the case as, for instance, with the infinity
norm (Deplano et al., 2023, 2024). Thus, our definition
accounts for normalization of distances.

Definition 1. Two open sequences {x) € R™* : k € N} and
{y, € R™ : k € N} are said to converge to one another
within a radius R > 0 if

. d(mka yk:)
limsup ————= < R.
k—o0 VIME



It is useful defining the sets of remaining, arriving, depart-
ing agents as follows
VE =VeNVier, Vit =V \ Vi1, VP = Vi \ Vi1,

The only assumption we make on the network is about
the rate at which agents leave the network. In plain words,
this assumption ensures that the network retains at least
a fixed proportion of its agents from one time step to
the next, which prevents the network from shrinking too
rapidly or even becoming empty.

Assumption 2. It holds [Vi| > B|Vi—1] for some 0<y<p<1.

A network of agents can actually solve problem (1) in a
federated setting under suitable assumptions of the local
objective functions and the corresponding local and global
solutions. We formalize next our set of assumptions.

Assumption 3. The problem in (1) is such that, Vk € N:

(i) the local cost functions f; are: proper and closed,
i.e., the epigraph is non-empty and closed (Bauschke
and Combettes, 2017, Def. 1.4); L-smooth with finite
L > 0 (Taylor et al., 2017, Def. 1(a)); u-strongly
convex with u € (0, L) (Taylor et al., 2017, Def. 1(b));

(ii) the distance between the current global solution
y;, and the previous global solution ¥;_; is upper
bounded by o > 0;

(iii) the distance between any local solution y** and the
global solution y; is upper bounded by w > 0.

Assumption 3(i) is quite common in the context of dis-
tributed and federated learning, as it ensures that each
local cost function has exactly one unique minimizer. As-
sumption 3(ii) ensures an upper bound on the distance
between any solution at time k£ and any solution at time
k — 1. Due the heterogeneity of the local objective func-
tions, the local minimizers in y** can be arbitrarily far
away from the global minimizers in yj. Thus, Assump-
tion 3(iii) ensures that such distance is bounded by a
constant at any time k.

2.2 Open FedPRS and convergence analysis

To solve the problem in (1) in a federated way over an
open network of agents, we propose the open version of the
Peaceman-Rachford Splitting (PRS), which we call Open
FedPRS, whose implementation is detailed in Algorithm 1
provided in the next page. Open FedPRS requires each
agent ¢ € Vi to update/initialize two state variables
x}v,y}c € R? and requires the coordinator to update only
a state variable zj, € RP. To prove the convergence of
Open FedPRS, we resort to the main convergence result
in (Deplano et al., 2026, Theorem 1) for open operators.

Theorem 4. Consider an OMAS executing Open FedPRS
to solve a problem as in eq. (1) under Assumptions 3-2.
Then, the open sequence {y, =y}, - ,y.*] €RP"™ :keN}
of agents estimates converges with linear rate
o=1 =< )
pL+1 pu+1

ik where vy := max{
to consensus C; = {1,, ® y; € R’ : k € N} on the
optimal solution within a distance bounded by R given

next
*
lim sup dys,, Ci) =

k— o0 VP

(14 pL)(o 4+ w)
vo(l —0)

=R (3)

Algorithm 1 Open FedPRS

Input: The relaxation o € (0,1) and the penalty p > 0.
Output: Each agent returns y;, that is an (approximated)
solution to the optimization problem in (1).
for k=0,1,2,...:
for each agent i € Vy:
ifie Vk,A is an arriving agent:
initializes the state variable at the local optimum

- (62)
else if i € V,f‘ is a remaining agent:
receives y;,_, from the coordinator
updates the state variable according to
Y = proxy (2y5_1 — 74_1) (6b)

T = Tp_y +2(Y, — Y1)
end if
transmits xz to the coordinator
end for
The coordinator averages the information z% received
from all agents i € V), and sends it back to them:

end for

Proof. The first part of the proof consists in showing that
there exists R such that

) d(x, Tr)
lim sup ——= 4
k~>oop VP ( )

i.e., the distance between the open sequence {x;, : k € N}
generated by Open FedPRS converges toward the fixed
point & with linear rate 6 € (0,1) within a radius R, where
0, R are given in eqs. (2)-(3). We do so by exploiting! (De-
plano et al., 2026, Theorem 1).

Let us first formulate the operator Fj ruling the so-
called standard dynamics, that is the operator ruling the
state transition under the assumption that the set of
agents remains unchanged in one step (Deplano et al.,
2024, 2026). By denoting y§ = 1,, ® yj5, the distributed
updates (6) can be written in compact form as follows
(cfr. (Bastianello et al., 2024, Section IV.A)):

Y = prox} (2y5_1 — Tp—1), (5a)
xp =Tr-1+2(Y, — Yi_1), (5b)
Yy = nlzl(]lnk ® ]l;er) ® Lyzxy, =: Jyxy, (5¢)

By plugging y,., ¥}, into the iteration of x) we get the op-
erator Fy : R™-1 — R™~-1 ruling the standard dynamics

Fk<il:k,1) = I‘eﬂ?k((Qkal - I)wkfl)a (7)
which is the Peaceman-Rachford Splitting applied to
min fi,(y) + wc(y) (8)

where fi(y) = iy, fi(y') and i is the indicator
function of the consensus set. We can now proceed showing

1 In the scenario of this manuscript, (Deplano et al., 2026, Theo-
rem 1) differs from (Franceschelli and Frasca, 2020, Theorem 3.8)
in the definition of open distance between vectors with different
labeled components because it only considers common components,
as previously proposed in (Deplano et al., 2024) and (Vizuete et al.,
2024, Section 10.4.2)



that all conditions of (Deplano et al., 2026, Theorem 1)
hold by going through them one by one.

Condition (a) — To satisfy this condition is sufficient to
show that the operator Fj is contractive. First of all, we
note that Fj is the composition of the operator 1reﬂ§c with
a linear operator Jx—1 : € — (2Jx—1 — I)x. The operator
Jr—1 is nonexpansive because all eigenvalues of 2J;_1 — I
are within the unit circle (Belgioioso et al., 2018, Lemma
3): the matrix n,;_llllk_l ®]l;71 has all eigenvalues equal to
0 but one that is equal to 1 and the Kronecker product with
the identity matrix I, leaves the eigenvalues unchanged.
The reflected operator reﬂfc is y-contractive because f
is p-strongly convex and L-smooth by Assumption 3(i),
and the contraction rate v is given in (2) (Giselsson and
Boyd, 2016, Theorem 1). Since Fj, is the composition of a
nonexpansive operator with a «-contractive operator, than
Fj is y-contractive.

Condition (b) — To satisfy this condition is sufficient
to show that the normalized open distance (Deplano
et al., 2026, Definition 3) between (unique) fixed points
&p—1 = Fr(Zr—1) at consecutive steps is bounded by some
constant. The open distance refers to the distance be-
tween vectors with different labeled components, i.e., the
distance of the vectors obtained by only considering the
remaining agents, namely:

\/ZzEVR [, — @ 1||

According to eq. (7), fixed points are such that
Jeo1@—1 = prox”, ((zjk_l - I):i:k_l) (9)

Since Fj is the PRS operator, the coordinator’s state
variable i at a fixed point is equal to the unique solution
yr of problem. (1), cfr. (Bauschke and Combettes, 2017,
Proposition 25.1), namely, &§ = y}, and thus

d(Zy, Tp_1)

&y, = Ty = Ln, ® Y. (10)

Since the proximal operator is characterized by the inclu-

sion a = prox;(b) < b —a = p- Vf(a), we conclude that

QIpr—DZr—1—Tp 12 1=p-V fr.(Jp_1%r-1)

J—1Zk-1—Zp-1=p-V fi(Je—1Zk—1)

Zrp1=Jk1Zk—1—p 'V fr.(Jr—1Zk-1)
ik—l:]lﬂk ®y;—p~ka(Jlnk ®yI:)

which, block-wise, corresponds to % = yi — p - Vfi(y}),

Vi € V. Therefore, for i € V,f‘ it holds that:

2 — T || = lvk — vi — (Y filyi) = Vfilyiz1) ||

(i)
< vk = vi_all + 2|V filwi) = Vfilwi_) ||

(i7)
< k= v |l + pLllyk — v
D)

=1+ pD)|lyx —yia| < A +pL)o
where (¢) holds by triangle inequality; (i7) holds because
the local costs f; are L-smoth according to Assump-
tion 3(i); (#47) holds because the distance between two
consecutive solutions are bounded by ¢ according to As-
sumption 3(i). Then, by the fact that |V}§| < ng, we prove
condition (b) as follows

d(@y, &y—1) _ (1L+pL)o VE| < (1+pL)o
VP T /P k= NG

Condition (c) — To satisfy this condition is sufficient
to show that the normalized distance between arriving
agents’ state and fixed points is bounded. Letting mkA
be the vector stacking the state variables of all arriving
agents, the open distance with respect to the fixed points
corresponds to:

d(x, &) =

\/Z'LGVA Hwk Ty, 1“

Since Open FedPRS requires that the state variables x}
of arriving agents i E Vk are initialized near the local
optimum: zi = y** — p - Vf;(y**), Vi € Vi, then, by
similar steps as for condition (b), for i € Vi it holds

ez i —p- Vi)
0 Hy%v* — vt = p(VFi(y") = VD)
<y = wil| + ol VFi(y"™) = V iy

<l = will + pLlly™ - will
= (L+pL)|ly™* —yil| < 1+ pL)w

where (i) holds because V fi(y**) = 0. Thus, by the fact
that ‘Vﬁ’ < ny we prove condition (c) as follows

d(:c;j,ﬁ:k) 1—|—pL /7 +pL

VP

Condition (d) — This condition holds by Assumption 2.

Conclusion of the proof: We now show that that the
distance of the estimation vector y,, = [yi, -+ ,y;*] € R™
of the whole network from the consensus state on the
solution Cf = {1,, ® y;} is upper bounded by d(zy,Zx)
as follows: d(yy, C) = [y — (Ln, ® y7) =

)‘prox (27k—D)ai_1)—prox ((2Jx— )wk_l)H

(44%) i

1@ -Dia-a0l < @Dl a0 Yl )
where (i) holds by the specific update rule in eq. (5a) of
Open FedPRS and by the relation between the fixed point
and the optimal solution in egs. (9)-(10); (i7) follows by the
non-expansiveness of the proximal; (ii7) holds by the sum-
multiplicative property; (iv) holds because matrix 2J, — I
is doubly stochastic. We complete the proof exploiting (4):

: d(y,.Ch : ,
lim supy,_, oo % < limsupy_, o (\“Z‘ka’“) <R. 0

3. NUMERICAL SIMULATIONS

In this section we apply Open FedPRS to classification
problems characterized by the local costs
filz) = mi >y log (1+exp (=bija] ;z)) + %HIL‘”?

where a;; € RP and b; ; € {—1,1} are pairs of feature
vector and label, randomly generated with scikit-learn.
In particular, p = 5, m; = 50, and € = 0.05. Notice that
the local costs do not have a closed form prox, hence the
agents approximate it via accelerated gradient descent, up
to precision 1070, The results will be presented in terms
of the normalized distance e between the local models
and the consensus set on the optimal model as in (3)
and in terms of the normalized distance £, between the
coordinator model and the optimal model:

N €k P (11)

€k 1=



3.1 Comparison with the state of the art

We benchmark Open FedPRS against two state-of-the-
art algorithms in federated learning over open networks,
namely FedAVG (McMahan et al., 2017), one of the
pioneering methods that introduced the federated learning
paradigm, and FedACG (Kim et al.,, 2024), arguably
one of the most competitive approach currently available
in the literature. Since these algorithms were originally
designed for closed (static) networks, we adapt them to
the open-network setting by incorporating the mechanisms
proposed in (Sun et al., 2024) and (Chang et al., 2024),
respectively. The chosen local optimizers are accelerated
gradient descent (AGD) for Open FedPRS, stochastic
gradient descent (SGD) and Adam for FedAVG, and
regularized SGD (rSGD) for FedACG. All algorithms are
carefully hand-tuned to ensure optimal performance in the
considered experimental scenario.

We model arrival and departure events as Poisson r.v.s
Pois(M°1) and Pois(A*®¥¢) and assume that at least 5
iterations occur between events. We simulate four modes:
1) same arrivals and departures \°® Aeave - — 1.

2) more arrivals Ao = 2)\!°av¢ = 1: 3) more departures
Aleave — 9 Join = 14 fixed network Aleave = Mein = (),

Figure 1 illustrates the evolution of the training errors ey
and ¢y for the coordinator and the agents, respectively,
as defined in (11), across all algorithms and different
numbers of agents. According to Theorem 4, after an
initial transient phase in which convergence occurs at
a linear rate, the agents’ training error ¢, under Open
FedPRS eventually becomes upper bounded by a constant
that does not scale with the network size. For the other
algorithms, however, the metric ¢, is less informative since,
by design, the agents’ local variables do not converge
exactly to consensus. To provide a fairer comparison, we
also evaluated the algorithms in terms of the coordinator’s
estimation error eg. Even under this metric, Open FedPRS
outperforms the other methods, achieving both a tighter
bound on the tracking error and a faster convergence rate.

— OpEN FEDPRS (AGD)

FEDAVG (ADAM)
FEDACG (RSGD)

FEDAVG (SGD)

10
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& | | |
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Fig. 1. Comparison of Open FedPRS performance with the
state of the art in open networks.

This advantage persists even in scenarios with unbalanced
agent arrivals and departures, i.e., when the network size
varies over time—highlighting the superior resilience of the
proposed Open FedPRS. Finally, when the network size
becomes fixed, only Open FedPRS and FedACG converge
asymptotically to the global solution.

8.2 Different initializations

Open FedPRS is designed to initialize the local state x, of
an arriving agent at its local optimum model y**. However,
in practice this choice might not be available, as it assumes
pre-computation of the local optimum, which might be
prohibitively time-consuming. Therefore, in this section
we test empirically two alternative initializations: 1) the
coordinator model, i.e., i = y¢ |, which only requires
one communication from the coordinator to each arriving
agent; the zero vector, i.e., xz = 0. which is simple and
cheap from computational and communication perspec-
tives. To test these initializations, we apply Open FedPRS
on a network with Poisson arrivals/departures with mean
Moin — Nleave — 1 Table 1 reports the results, presented
in terms of the minimum, maximum, mean and standard
deviation of e over the last 4/5 of the simulation (to
ensure that steady-state behavior is reached). The choice
yb* is the one that gives the best minimum and mean
training error €, but this comes to the cost of a larger
standard deviation and maximum value. The other choices
y© and O instead have quite similar, worse performance,
but have the advantage of being much simpler and cheap.
A future direction is to investigate this aspect from a
theoretical perspective.

Table 1. € of Open FedPRS for different
initializations of arriving agents.

Init. | Min Mean + Std Max

y»* | 6.013 x 1079 (4.646 £ 12.880) x 10-%  1.179 x 102
y® | 6.546 x 107°  (8.409+9.141) x 10~*  5.854 x 1073
0 1.905 x 1075  (7.61948.298) x 10~*  5.145 x 1073

4. CONCLUDING REMARKS AND FUTURE WORKS

We have introduced Open FedPRS, a novel federated
learning algorithm tailored for open multi-agent systems
where agents may join or leave freely during the learning
process. By leveraging the Theory of Open Operators,
we established a rigorous convergence analysis that guar-
antees a finite asymptotic bound on the local models’
distance from the optimal model and achieves a linear
convergence rate. Simulation results confirm the theoreti-
cal robustness of the method across various initialization
strategies. Future improvements could include the timing
and manner in which agents leave the network and new
agents join, for instance by allowing the central coordina-
tor to control these events (Bistritz and Bambos, 2024),
and overcoming the need of the current PRS formulation
to perform a proximal operation at each time step, for in-
stance by replacing this step with approximated solutions
as outlined in (Bastianello et al., 2024).
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