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Abstract: This paper develops computational procedures to translate between ReLU recurrent
neural networks (RNNs) and continuous piecewise-affine (CPWA) dynamical systems. We show
that every ReLU RNN induces a finite polyhedral partition of the state–input space with
affine dynamics on each region and provide an explicit constructive algorithm to compute
its corresponding CPWA representation. Conversely, we show that every CPWA dynamical
system admits an exact realization as a ReLU RNN and provide a constructive procedure to
compute the associated network parameters. The computational procedures are illustrated by
numerical examples for both directions, showcasing exactly matching trajectories and validating
the implementation of the proposed transformations.
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1. INTRODUCTION

Hybrid dynamical systems provide a rigorous and unify-
ing framework for describing processes where continuous-
time dynamics interact with discrete events, logic-based
switching, and physical constraints (Labinaz et al., 1997;
Bemporad et al., 2001). These systems naturally arise
in many engineering domains, including robotics, auto-
motive systems, process control, and power electronics,
where hybrid phenomena emerge from logical supervision,
actuator saturation, and on–off control policies. Over the
past two decades, several mathematical formalisms have
been proposed to capture hybrid behaviors, including hy-
brid automata (Alur et al., 1995; Henzinger et al., 1998),
mixed logical dynamical (MLD) systems (Bemporad and
Morari, 1999; Karaman et al., 2008), and piecewise-affine
(PWA) models (Heemels et al., 2001). Fundamental equiv-
alence results among these representations have enabled
the systematic transfer of analysis and control methods,
providing a solid foundation for algorithmic controller
synthesis, reachability analysis, and verification (Heemels
et al., 2001).

Among the several hybrid representations, piecewise-affine
(PWA) models play a central role due to their ana-
lytic tractability and compatibility with convex optimiza-
tion (Biswas et al., 2005). In a PWA system, the state
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evolves under affine dynamics that depend on the current
regions of a polyhedral partition of the state–input space.
This structure allows direct application of linear program-
ming tools for controller synthesis (Collins et al., 2009;
Seatzu et al., 2006b), stability verification (Ferrari-Trecate
et al., 2002; Lazar and Heemels, 2008), and robustness
analysis (Rodrigues and Boyd, 2005; Ledda et al., 2025).
Moreover, PWA models from the foundation of explicit
model predictive control (MPC), where the optimal con-
trol law is computed offline as a set of affine feedbacks
defined over polyhedral regions, ensuring real-time feasi-
bility on embedded hardware (De Schutter and van den
Boom, 2004; Seatzu et al., 2006a).

Beyond their control-oriented utility, PWA maps are also
universal approximators of nonlinear functions: any con-
tinuous nonlinearity can be represented to arbitrary ac-
curacy by a sufficiently refined PWA decomposition. In
parallel, the widespread adoption of neural networks for
system modeling and control (Masti and Bemporad, 2021)
has brought renewed attention to architectures based on
the Rectified Linear Unit (ReLU). Each ReLU introduces
a linear region separated by an activation hyperplane, im-
plying that any ReLU network realizes a continuous PWA
function (Montúfa et al., 2014). Hence, feedforward or
recurrent ReLU networks can be regarded as data–driven
generators of high–dimensional PWA dynamics (Arora
et al., 2018).

Recent works have explored the extraction of explicit PWA
approximations from trained neural networks (Roll et al.,
2004), aiming to combine learning flexibility with hy-
brid system interpretability. Conversely, the inverse prob-
lem—realizing an exact neural representation of a given
CPWA mapping—has been addressed only under restric-
tive conditions, typically for one-dimensional inputs and
limited segment counts (Darup, 2020; Dereich and Kass-
ing, 2022).



This paper provides rigorous and constructive algorithms
to translate between ReLU recurrent neural networks and
discrete-time continuous piecewise-affine (CPWA) dynam-
ical systems. The main contributions are:

• We establish the equivalence between the class of
CPWA dynamical systems and that of ReLU RNNs
(Thm. 3).

• We design a constructive algorithm to compute the
CPWA dynamical system associated with any ReLU
RNN, supported by the proof of Thm. 6 and detailed
in Algorithm 1;

• We design a constructive algorithm to compute a
ReLU RNN realization of any CPWA dynamical sys-
tem, supported by the proof of Thm. 7 and detailed
in Algorithm 2.

Structure of the paper. Section 2 introduces notation and
definitions of CPWA systems and ReLU RNNs. Section 3
presents the equivalence results and the algorithms for
both transformations. Section 4 reports numerical valida-
tions, while Section 5 concludes the paper.

2. NOTATION AND PRELIMINARIES ON PWA
DYNAMICAL SYSTEMS AND RNNS

A piecewise affine (PWA) dynamical system is character-
ized by a state space X ⊆ Rnx , an input space U ⊆ Rnu ,
and a partition Ω := X ×U = Ω1 ∪ · · · ∪ Ωm of the space
into m ∈ N convex polyhedral regions (possibly open) each
with an affine dynamics, namely

xk+1=fpwa(xk,uk) :=


A1xk+B1uk+c1 if (xk,uk)∈Ω1,

...
Amxk+Bmuk+cmif (xk,uk)∈Ωm.

(1)

Definition 1. Consider a PWA dynamical system with
state-update rule fpwa as in eq. (1). If the values of fpwa
coincide at all points in the intersection of the closures
of any two adjacent regions Ωi, Ωj , then (1) defines
a continuous PWA (CPWA) dynamical system, namely,
∀i, j ∈ {1, · · · ,m}:
Aix+Biu+ci = Ajx+Bju+cj , ∀(x, u) ∈ cl(Ωi)∩cl(Ωj).

A RNN (depicted in Fig. 1) is characterized by a state
space X ⊆ Rnx , an input space U ⊆ Rnu , and a se-
quence of L ∈ N layers, each with hidden update rule
fℓ : Rnℓ−1 → Rnℓ with nℓ ∈ N denoting the number of
neurons for ℓ ∈ {1, · · · , L}, namely

xk+1 = frnn(xk, uk) := fL(fL−1(· · · (f1(xk, uk))). (2)

h0 = [x⊤
k u⊤

k ]⊤ · · ·

fRNN

hℓ

xk+1

W1, b1 · · · WL, bL

α1 · · · αL

Fig. 1. Schematic of the recurrent neural network in Def. 2.
The state xk is propagated through L parameterized
layers along with the input uk to return the next state
xk+1.

Let the output vector of the ℓ-th layer be denoted by
hℓ := fℓ(hℓ−1) ∈ Rnℓ with h0 = [x⊤

k , u
⊤
k ]

⊤, n0 = nx + nu,
nL = nx and hL = xk+1. In particular, we consider RNNs
such that each fℓ computes an affine combination of the
outputs of the previous layer, i.e., Wℓhℓ−1 + bℓ where
Wℓ ∈ Rnℓ×nℓ−1 and bℓ ∈ Rnℓ are the weight matrix and
bias vector. Optionally, the result of the affine operation
can be transformed by the Rectified Linear Unit (ReLU)
activation function, defined element-wise as

(ReLU(v))i := max(0, vi), i = 1, . . . , n, (3)

for any vector v ∈ Rn. Hence, ReLU(·) acts as a mapping
that preserves the non-negative components of its argu-
ment and sets the others to zero. A more general form
used in this paper is the Leaky–ReLU function,

(LReLUα(v))i := αvi + (1− α)ReLU(vi), (4)
where α ∈ [0, 1]. When α = 0 it coincides with the
standard ReLU, and when α = 1, it reduces to the identity
map.
Definition 2. Consider a RNN with state-update rule frnn
as in eq. (2). If frnn is an arbitrary composition of affine
and LReLU transformations of the form in eq. (4), then
(2) defines a ReLU RNN, namely,

fℓ(hℓ−1) = LReLUαℓ
(Wℓhℓ−1 + bℓ), (5)

for ℓ = 1, . . . , L, with αℓ ∈ [0, 1] indicating whether layer ℓ
acts as a ReLU (αℓ = 0) or an affine mapping (αℓ = 1).

Let N =
{
(ℓ, η) | ℓ ∈ {1, · · · , L}, η ∈ {1, · · · , nℓ}

}
be the

set representing all neurons in the RNN, and denote the
subset of neurons with a ReLU activation function by

Ñ :=
{
(ℓ, η) ∈ N | αℓ = 0

}
⊆ N (6)

The function ς : Ñ × Ω → {0, 1} describing the activation
pattern of the RNN neurons is defined as follows

ς(ℓ, η, x, u) =

{
1, if (fℓ(· · · (f1(x, u)))η > 0,

0, if (fℓ(· · · (f1(x, u)))η ≤ 0.

The activation pattern for the ℓ-th nonlinear layer such
that αℓ < 1 is denoted by σℓ(x, u) ∈ {0, 1}nℓ , obtained
by concatenating all ς(ℓ, η, x, u) for η = 1, . . . , nℓ. Con-
sequently, the activation pattern for the whole RNN is
σ(x, u) ∈ {0, 1}|Ñ |, obtained by concatenating all σℓ(x, u)
for ℓ = 1, . . . , L such that αℓ < 1. For any fixed
σ⋆ ∈ {0, 1}|Ñ |, the activation region R(σ⋆) ⊆ Ω is given by

R(σ⋆) := {(x, u) ∈ Ω | σ(x, u) = σ⋆} .

3. EQUIVALENCE TO PIECEWISE AFFINE
DYNAMICAL SYSTEM

We next recall the known equivalence between ReLU-
based RNNs and CPWA dynamical systems, providing
an original proof based on the practical construction, de-
signed in this paper, of each representation from the other.
Theorem 3. The two following classes are equivalent:

(i) CPWA dynamical systems as in Def. 1.
(ii) ReLU RNN as in Def. 2.

Proof. The implication (i) ⇐ (ii) follows by Thm. 6 in
Section 3.1, while the implication (i) ⇒ (ii) follows by
Thm. 7 in Section 3.2. 2



3.1 From ReLU RNNs to CPWA dynamical systems

We now show that every RNN with ReLU activations can
be equivalently represented by a CPWA dynamical system
(see Thm. 6). Algorithm 1 details the procedure to design
a CPWA dynamical system that is equivalent to a given
ReLU RNN by following the constructive proof of Thm. 6,
which requires two intermediate results: each activation
region of the RNN is a polyhedral region (see Lemma 4);
each region the state-update map is affine (see Lemma 5).
Lemma 4. Consider an RNN as in Def. 2. For each activa-
tion pattern σ⋆ = [σ⋆

1 ; · · · ;σ⋆
L] ∈ {0, 1}|Ñ |, the activation

region R(σ⋆) ⊆ Ω is a polyhedral region determined by
the following set of inequalities:

R(σ⋆)=

(x,u)∈Ω

∣∣∣∀(ℓ,η)∈Ñ :


H⊤

ℓ,η

[
x

u

]
>qℓ,η , if σ⋆

ℓ,η=1,

H⊤
ℓ,η

[
x

u

]
≤qℓ,η , otherwise

 (7)

where the inequalities are defined by using the η-th
row of Wℓ denoted by W⊤

ℓ,η ∈ R1×nℓ−1 and the matrix
Dℓ = diag(αℓ1nℓ

− (αℓ − 1)σ⋆
ℓ ), as follows

H⊤
ℓ,η = W⊤

ℓ,η

(
ℓ−1∏
i=1

DiWi

)
, (8)

qℓ,η = −bℓ,η −
ℓ−1∑
i=1

(
W⊤

ℓ,η

ℓ−1∏
j=i+1

DjWj

)
Dibi. (9)

Proof. We prove the statement by induction on the layer
index ℓ. Let h0 ∈ Ω denote the input of the RNN. For each
layer ℓ = 1, . . . , L, it holds

hℓ = LReLUαℓ
(Wℓhℓ−1 + bℓ) = Dℓ(Wℓhℓ−1 + bℓ),

where Dℓ is defined as in Lemma 4 and represent the fixed
activation pattern σℓ. For the first layer, it holds

h1 = D1W1h0 +D1b1.

Substituting into the second layer yields
h2 = D2(W2h1 + b2)

= D2W2D1W1h0 +D2W2D1b1 +D2b2.

By recursive substitution, each layer output can be ex-
pressed as an affine function of the input vector h0:

hℓ =

(
ℓ∏

i=1

DiWi

)
h0 +

ℓ∑
i=1

(
ℓ∏

j=i+1

DjWj

)
Dibi, (10)

where the empty product is the identity matrix, by conven-
tion. Each layer ℓ such that αℓ = 1, i.e., it is a purely linear
layer, no constraints need to be considered as no neuron is
switched off by the activation function. Instead, for each
layer ℓ such that αℓ ∈ [0, 1), the η-neuron is either switched
on if W⊤

ℓ,ηhℓ−1 + bℓ,η > 0 or off if W⊤
ℓ,ηhℓ−1 + bℓ,η ≤ 0.

By induction on hℓ, we complete the proof by rewriting
W⊤

ℓ,ηhℓ−1 + bℓ,η in terms of h0 = [x⊤, u⊤]⊤ as follows:

W⊤
ℓ,η

(
ℓ−1∏
i=1

DiWi

)
︸ ︷︷ ︸

H⊤
ℓ,η

h0+bℓ,η +
ℓ−1∑
i=1

(
W⊤

ℓ,η

ℓ−1∏
j=i+1

DjWj

)
Dibi︸ ︷︷ ︸

qℓ,η

.

This concludes the proof. 2

Algorithm 1 From ReLU RNN to CPWA system
Input: Matrix weights Wℓ, biases bℓ, activation indicators

αℓ for ℓ = 1, · · · , L.
Output: Regions Ωi and dynamics Ai, Bi, ci, ∀i ∈ [1,m].
1: Compute Ñ as in eq. (6)
2: for each (ℓ, η) ∈ Ñ
3: Compute H⊤

ℓ,η as in eq. (8)
4: Compute qℓ,η as in eq. (9)
5: end for
6: Set the current region index at i = 1

7: for each activation pattern σ∗ ∈ {0, 1}|Ñ |

8: Compute the region Ω = R(σ∗) as in eq. (7)
9: if Ω ̸= ∅

10: Assign Ωi = Ω
11: Compute Aσ⋆ , Bσ⋆ , cσ⋆ as in eq. (11)
12: Assign Ai = Aσ⋆ , Bi = Bσ⋆ , ci = cσ⋆

13: Increment the region index i = i+ 1
14: end if
15: end for
16: Compute the total number of regions m = i

Lemma 5. Consider an RNN as in Def. 2. For each ac-
tivation pattern σ⋆ = [· · · ;σ⋆

ℓ,η; · · · ] ∈ {0, 1}|Ñ |, the
state-update on the corresponding R(σ⋆) is an affine map
uniquely determined by xk+1 = Aσ⋆xk+Bσ⋆uk+cσ⋆ where

[Aσ⋆Bσ⋆ ]:=

L∏
ℓ=1

DℓWℓ, cσ⋆ :=

L∑
ℓ=1

(
L∏

j=ℓ+1

DjWj

)
Dℓbℓ, (11)

Proof. From Lemma 4, the activations within a fixed
pattern σ⋆ satisfy

hℓ = Dℓ(Wℓhℓ−1 + bℓ)

with h0 = [x⊤ u⊤]⊤ and diagonal masks Dℓ determined
by σ⋆. Following the proof strategy of Lemma 4, the output
of the ℓ-th layer is given by

hℓ =

(
ℓ∏

i=1

DiWi

)
h0 +

ℓ∑
r=1

(
ℓ∏

j=r+1

DjWj

)
Drbr.

The proof is completed by noticing that on R(σ⋆), the net-
work output is affine in h0 = [x⊤

k , u
⊤
k ]

⊤ on each activation
region R(σ⋆):

xk+1 =

(
L∏

ℓ=1

DℓWℓ

)
︸ ︷︷ ︸

[Aσ Bσ]

h0 +

L∑
ℓ=1

(
L∏

j=ℓ+1

DjWj

)
Dℓbℓ︸ ︷︷ ︸

cσ⋆

.

This concludes the proof. 2

Theorem 6. Every ReLU RNN as in Def. 2 can be equiva-
lently written as a CPWA dynamical system as in Def. 1.

Proof. By Lemma 4, each activation pattern σ⋆ ∈
{0, 1}|N | of the ReLU RNN determines a convex poly-
hedral region R(σ⋆) ⊆ Ω, constructed from the network
weights and biases. The feasible nonempty regions form
a finite polyhedral partition of Ω. Lemma 5 establishes
that within any such region R(σ⋆) the network mapping
is affine in x, u, with matrices Aσ⋆ , Bσ⋆ and offset cσ⋆

obtained from the recursive propagation of weights and
biases. Continuity of the ReLU function ensures continu-
ous dynamics across adjacent regions. 2



3.2 From CPWA dynamical systems to ReLU RNNs

We now show that every CPWA dynamical system can be
equivalently represented by an RNN with ReLU activa-
tions (see Thm. 7). Algorithm 2 details the procedure to
design a ReLU RNN that is equivalent to a given CPWA
dynamical system by following the constructive proof of
Thm. 7
Theorem 7. Every CPWA dynamical system as in Def. 1
can be equivalently written as a ReLU RNN as in Def. 2.

Proof. We start by denoting by f i
pwa : Rn0 → R the i-th

component of fpwa : Rn0 → Rnx , namely:

fpwa(x, u) =


...

f i
pwa(x, u)

...

 , n0 := nx + nu.

Any CPWA real-valued function on a convex set can be
equivalently represented as the difference of two convex
CPWA functions (Kazda and Li, 2021). We decompose
each f i

pwa by:
f i
pwa(x, u) := f i,+

pwa(x, u)− f i,−
pwa(x, u),

where f i,±
pwa(x, u) are convex CPWA functions (Hempel

et al., 2015, Lemma 1), i.e.,

f i,±
pwa(x, u) :=


H±

i,1[x
⊤ u⊤]⊤ + q±i,1 if (x, u) ∈ Ω1,

...
H±

i,m[x⊤ u⊤]⊤ + q±i,m if (x, u) ∈ Ωm.

By convexity, they can be equivalently written as the
maximum of the corresponding m affine functions (cfr.
with (Magnani and Boyd, 2009, Section 1.1)), as follows:

f i,±
pwa(x, u) = max

j=1,...,m

{
H±

i,j

[
x

u

]
+ q±i,j

}
. (12)

where H±
i,j ∈ R1×n0 , q±i,j ∈ R. Let

e±i,j(x, u) = H±
i,j [x

⊤ u⊤]⊤ + q±i,j (13)
be one of the elements in the maximum operation; in the
following, we omit the argument (x, u) for the sake of
presentation. The maximum among the m elements can
be decomposed into m − 1 nested maxima between two
elements, namely f i,±

pwa := e±,⋆
i,m with e±,⋆

i,1 = e±i,1 and

e±,⋆
i,ℓ = max{e±i,ℓ, e

±,⋆
i,ℓ−1}, ∀ℓ = 2, · · · ,m. (14)

Moreover, each maximum between two elements can be
written in terms of ReLU and affine functions as follows:
max{e±i,j , e±,⋆

i,j−1} =

ReLU(e±i,j − e±,⋆
i,j−1) + ReLU(e±,⋆

i,j−1)− ReLU(−e±,⋆
i,j−1).

(15)
Thus, each binary maximum can be expressed by two
layers, where the first one computes the ReLU(·) terms and
the second performs the algebraic summation. By nesting
these blocks, each f i,±

pwa(x, u) can be represented by a ReLU
neural network. Repeating this process for all i = 1, · · · , nx

completes the proof. 2

Remark 8. The computation of the vectors H±
i,j and q±i,j

can be carried out for general CPWA functions by fol-
lowing the constructive method outlined in the proof of
(Hempel et al., 2015, Lemma 4). In the special case where

Algorithm 2 From CPWA system to ReLU RNN

Input: Dynamics Ar, Br, cr and regions Ωr ∀r ∈ [1,m].
Output: Matrix weights Wℓ, biases bℓ, activation indica-

tors αℓ for ℓ = 1, · · · , L
1: for each state component i = 1, . . . , nx

2: Write e±,⋆
i,1 (x, u) := e±i,1(x, u)

3: for j = 2, . . . ,m
4: Compute H±

i,j , q
±
i,j as discussed in Rem. 8

5: Write e±i,j(x, u) as in eq. (13)
6: Write e±,⋆

i,j (x, u) as in eq. (14)
7: Write max{e±i,j(x, u), e±,⋆

i,j−1(x, u)} as in eq. (15)
8: end for
9: Write f i,±

pwa(x, u) := e±,⋆
i,m(x, u)

10: Write f i
pwa(x, u) := f i,+

pwa(x, u)− f i,−
pwa(x, u)

11: Determine {Wℓ,i, bℓ,i}2(m−1)
ℓ=1 based on the expres-

sion obtained for f i
pwa(x, u)

12: end for
13: Compute Wℓ = [W⊤

ℓ,1, · · · ,W⊤
ℓ,nx

]⊤

14: Compute bℓ = [b⊤ℓ,1, · · · , b⊤ℓ,nx
]⊤

15: Set αℓ = 1 for odd values of ℓ and 0 otherwise

the CPWA function is defined over a regular subdivi-
sion, such as the one considered in our numerical ex-
ample in Section 4.2, the vectors H±

i,j and q±i,j can be
computed using the optimization problem described next,
as discussed in (Hempel et al., 2015, III.B) Let us de-
fine the set of pairs (j, ℓ) indicating neighboring regions
I = {(j, ℓ) ∈ N× N | dim( cl(Ωj) ∩ cl(Ωℓ)) = nx + nu − 1}.
Assuming a halfspace representation Ωj = {[x⊤ u⊤]⊤ ∈
Rnx+nu | Cj [x

⊤ u⊤]⊤ ≤ dj}, coefficients (H±
i,j , q

±
i,j) can

be obtained by solving the following optimization problem

min

m∑
j=1

(∣∣∣∣H±
i,j

∣∣∣∣
1
+
∣∣q±i,j∣∣) (16)

s.t.

[Aj Bj ]=H+
i,j−H−

i,j , ∀j∈{1,···,m},
cj=q+i,j−q−i,j , ∀j∈{1,···,m},

C⊤
j λ+

j,ℓ=(H+
i,ℓ−H+

i,j)
⊤ ∀(j,ℓ)∈I,

C⊤
j λ−

j,ℓ=(H−
i,ℓ−H−

i,j)
⊤ ∀(j,ℓ)∈I,

d⊤j λ
+
j,ℓ≤q+i,j−q+i,ℓ ∀(j,ℓ)∈I,

d⊤j λ
−
j,ℓ≤q−i,j−q−i,ℓ ∀(j,ℓ)∈I,

where λ±
j,ℓ are Lagrangian multipliers. 2

4. NUMERICAL VALIDATION

The code to reproduce the numerical simulations is avail-
able at https://github.com/mledda17/rnn_pwa.

4.1 Numerical example from ReLU RNN to CPWA

We consider a RNN composed of two layers. The first layer
consists of 3 ReLU neurons, and the second layer comprises
two linear neurons (without an activation function). This
last layer is linear. The state and input dimensions are
nx = 2, nu = 1. The parameters are fixed as:

W1 =

[
0.80 −0.10 0.40
−0.50 0.65 0.20
0.25 0.45 −0.55

]
, b1 =

[
0.05
−0.10
0.08

]
,



W2 =

[
0.70 −0.25 0.35
−0.40 0.50 0.10

]
, b2 =

[
0.02
−0.01

]
The RNN dynamic is therefore

xk+1 = W2 ReLU

(
W1

[
x
u

]
+ b1

)
+ b2.

Although the example considers a low-dimensional config-
uration (nx = 2, nu = 1) for visualization purposes, the
proposed procedure is general and dimension-independent.
Through Lemma 4 we identified eight nonempty activation
regions, each corresponding to a unique ReLU activation
pattern of the network. The spatial distribution of these
feasible regions in the (x, u)-plane is reported in Fig. 2.
For each active region, the corresponding local affine dy-
namics were computed exactly from the network weights
and biases using the recursive propagation described in
Section 3. Table 1 lists the values of Aσ, Bσ, and cσ for all
eight feasible regions. To verify the equivalence between
the ReLU RNN and the derived CPWA model, both sys-
tems were simulated under identical input excitations and
initial conditions. In the ReLU RNN case, the network
performs a forward operation at each time step to compute
the next state, which is then fed back as input to the
network at the subsequent discrete instant. Conversely,
for the CPWA model, the identified local affine dynamics
corresponding to the active region are used to propagate
the state trajectory over time. As shown in Fig. 3, the
RNN and CPWA trajectories overlap perfectly throughout
the horizon. The tracking error remains at the level of
numerical precision (approximately 10−16), confirming the
exact analytical equivalence between the two formulations.

4.2 Numerical example from CPWA to ReLU RNN

We consider a CPWA dynamical system defined as follows

fPWA(xk, uk) =


−0.2xk + 0.4uk, xk ≤ 0, uk ≤ 0,

1.0xk + 0.4uk, xk > 0, uk ≤ 0,

−0.2xk − 0.3uk, xk ≤ 0, uk > 0,

1.0xk − 0.3uk, xk > 0, uk > 0,

This CPWA is made up of four regions, and it is continuous
along the partition boundaries. Following the difference–
of–convex (DC) decomposition described in Section 3.2,

Table 1. Local affine dynamics Aσ, Bσ, cσ for
each activation pattern

Ω Pattern σ Aσ Bσ cσ

1 (000)
[
0 0
0 0

] [
0
0

] [
0.02
−0.01

]
2 (100)

[
0.56 −0.07
−0.32 0.04

] [
0.28
−0.16

] [
0.055
−0.03

]
3 (010)

[
0.125 −0.1625
−0.25 0.325

][
−0.05
0.10

] [
0.045
−0.06

]
4 (001)

[
0.0875 0.1575
0.025 0.045

] [
−0.1925
−0.055

] [
0.048
−0.002

]
5 (110)

[
0.685 −0.2325
−0.57 0.365

][
0.23
−0.06

] [
0.08
−0.08

]
6 (101)

[
0.6475 −0.0875
−0.295 0.085

][
0.0875
−0.215

] [
0.083
−0.022

]
7 (011)

[
0.2125 −0.005
−0.225 0.37

][
−0.2425
−0.045

] [
0.073
−0.052

]
8 (111)

[
0.7725 −0.075
−0.545 0.41

][
0.0375
−0.115

] [
0.108
−0.072

]

the function fPWA is expressed as fPWA = f+−f−, where
both f+ and f− are convex CPWA functions. From the
exact convex decomposition, we obtain:

H+
1,1=[−0.4 0.025], H−

1,1=[−0.2 −0.375], q±1,1 =[0],

H+
1,2=[+0.8 0.025], H−

1,2=[−0.2 −0.375], q±1,2 =[0],

H+
1,3=[−0.4 0.025], H−

1,3=[−0.2 +0.325], q±1,3 =[0],

H+
1,4=[+0.8 0.025], H−

1,4=[−0.2 +0.325], q±1,4 =[0],

Since p± = 2 because H+
1 , H−

1 have both two rows, then:

e+1,1 = −0.4xk + 0.025uk, e−1,1 = −0.2xk − 0.375uk,

e+1,2 = +0.8xk + 0.025uk e−1,2 = −0.2xk − 0.375uk,

e+1,3 = −0.4xk + 0.025uk, e−1,3 = −0.2xk + 0.325uk,

e+1,4 = +0.8xk + 0.025uk e−1,4 = −0.2xk + 0.325uk.

Using the identity
max{a, b} = ReLU(a− b) + ReLU(b)− ReLU(−b),

the functions f+ and f− can be implemented by a single
hidden layer of ReLU neurons, yielding:

f+
pwa(xk, uk) = max{e+1,1, e+1,2, e+1,3, e+1,4} = max{e+1,1, e+1,2},
f−
pwa(xk, uk) = max{e−1,1, e−1,2, e−1,3, e−1,4} = max{e−1,1, e−1,3}.

This yields the following equivalent network representation

−2 −1 0 1 2
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0

1

2

x1

u

−2 −1 0 1 2

Ω1
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Ω5

Ω6

Ω7

Ω8

x2

Fig. 2. Feasible regions of the ReLU RNN projected onto
the planes (a) x2 = 0 and (b) x1 = 0. Each color
corresponds to a distinct activation pattern, i.e., a
locally affine subsystem (Table 1). Borders are drawn
in a darker shade of the same color as their region.
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Fig. 3. Comparison between the state trajectories x1, x2 of
RNN and CPWA dynamical system starting from the
same initial condition and excited by the same input
signal.



fpwa(xk, uk) = f+
pwa(xk, uk)− f−

pwa(xk, uk)

=max{e+1,1, e+1,2} −max{e−1,1, e−1,3}
=+ReLU(e+1,1 − e+1,2) + ReLU(e+1,2)− ReLU(−e+1,2)

− ReLU(e−1,1 − e−1,3)− ReLU(e−1,3) + ReLU(−e−1,3).

Therefore, the CPWA dynamical system is equivalent to
the ReLU RNN with two layers L = 2 such that the first
layer is a ReLU layer with α1 = 0 and with n1 = 6, while
the second layer is an affine layer with α2 = 1 and with
n2 = 1. The matrix weights and biases are given by

W1 =


−1.2 0
0.8 0.025
−0.8 −0.025
0 −0.7

−0.2 0.325
0.2 −0.325

 , b1 =


0
0
0
0
0
0

 ,

W2 = [1 1 −1 −1 −1 1] , b2 = 0.

(17)

To confirm the equivalence in the dynamic setting, the
CPWA system (4.2) and its ReLU RNN realization (17)
were simulated under the same excitation signal and initial
condition. The two trajectories coincide at all instants, as
shown in Fig. 4, with a maximum absolute error of 10−16

due solely to floating-point precision.

0 10 20 30 40 50 60 70 80 90 100
−1

−0.5

0

0.5

1

Step k

x
k

xRNN xPWA

Fig. 4. Comparison between the state trajectories xk of
RNN and CPWA dynamical system starting from the
same initial condition and excited by the same input
signal.

5. CONCLUSIONS

This paper presented constructive procedures for translat-
ing between ReLU recurrent neural networks and discrete-
time continuous piecewise-affine dynamical systems. In the
RNN-to-CPWA direction, the construction computes the
polyhedral activation regions and local affine dynamics
directly from the network weights and biases. Conversely, a
CPWA dynamical system is converted into an exact ReLU
RNN realization through a difference-of-convex decompo-
sition and max-affine representation. Numerical examples
in both directions confirmed the exactness of the transfor-
mations, with trajectories matching up to machine preci-
sion. Future research will explore applications to learning-
based control and model predictive design.
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